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Things we will discuss in this lecture
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Goal of this lecture: you should be able to answer the questions above by the end of this lecture : )

Type of electrodes and Stoichiometry polarization:
 What are the different types of electrodes used for measuring conductivity?

 How to understand the stoichiometry polarization with ion-blocking electrodes?

Electron-blocking electrodes and the Hebb-Wagner method:
 How to understand the intercalation process of ions & electrons?

 What is the Hebb-Wagner method for measuring conductivity?



𝑗𝑗
(current density)

Problem set-up: MIEC + partially blocking electrodes
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ion

electron

Electrode 1 Electrode 2

𝑥𝑥
0 𝐿𝐿

U

Mixed ionic and electronic conductor (e.g., Ag2Te, SrTiO3, LiCoO2, HxNdNiO3, MAPbI3…) 

Yokota, J. Phys. Soc. Jpn., 1961

We want to know:
 Concentration of charge neutral species (chemical composition) as a function of lateral position (𝑥𝑥) and time (𝑡𝑡);

 Chemical potential of charge-neutral species and the potential between two electrodes as a function of 𝑥𝑥 and 𝑡𝑡.

Electrodes can be:
 reversible (ion+eon)
 ion blocking
 eon blocking

𝑗𝑗



𝑗𝑗
(current density)

Problem set-up: MIEC + partially blocking electrodes
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ion

electron

Electrode 1 Electrode 2

𝑥𝑥
0 𝐿𝐿

U

Mixed ionic and electronic conductor (e.g., Ag2Te, SrTiO3, LiCoO2, HxNdNiO3, MAPbI3…) 

Yokota, J. Phys. Soc. Jpn., 1961

Electrodes can be:
 reversible (ion+eon)
 ion blocking
 eon blocking

𝑗𝑗

This is a solved problem (横田伊佐秋, 新潟大学, 1961)

However, this does not mean that the solution is easy to understand.



MIECs should be charge neutral except at interfaces
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𝜕𝜕2𝜙𝜙
𝜕𝜕𝑥𝑥2

= −
𝜌𝜌
𝜀𝜀0𝜀𝜀𝑟𝑟

Poisson’s equation: connecting (net) charge with potential

𝐸𝐸 = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

Electric field

Electrostatic potential

∆𝐸𝐸
∆𝑥𝑥 = −

𝜌𝜌
𝜀𝜀0𝜀𝜀𝑟𝑟

= −
𝐹𝐹𝐹𝐹
𝜀𝜀0𝜀𝜀𝑟𝑟

= −
96500𝐶𝐶
𝑚𝑚𝑚𝑚𝑚𝑚 × 0.1𝑚𝑚𝑚𝑚𝑚𝑚

𝐿𝐿

8.8 × 10−12𝐹𝐹
𝑚𝑚 × 10

= 0.1 × 1018𝑉𝑉/𝑚𝑚2 (𝑐𝑐 = 1 𝑚𝑚𝑚𝑚𝑚𝑚/𝐿𝐿 or 𝑐𝑐 = 6.02 × 1019𝑐𝑐𝑐𝑐−3)  

Let’s say if an MIEC contains 0.1 mol/L of net charge, then:

∆𝐸𝐸 =
∆𝑉𝑉
∆𝑥𝑥 = 1 × 1018 𝑉𝑉/𝑚𝑚2∆𝑥𝑥 ∆𝑥𝑥 ∆𝑉𝑉 𝑈𝑈𝐸𝐸

1 nm 1 V ~10-6 J

1 μm 106 V ~103 J

1 mm 1012 V ~1012 J

Electric potential energy 
𝑈𝑈𝐸𝐸 = 𝜌𝜌 ∆𝑉𝑉 

For a sample with area of 1 cm2

1 TNT equivalent: 
4.184 X 1o9 J 



Master equations: potentials, transport equations
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𝑗𝑗𝑒𝑒
(current density)

H+

e-

Electrode 1
Pt 

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

HxNdNiO3 (as an example)

Both electrodes are ion-blocking

Transport equations: 𝑗𝑗𝑒𝑒 = 𝑗𝑗𝑒𝑒− = −𝐹𝐹𝐽𝐽𝑒𝑒 =
𝜎𝜎𝑒𝑒
𝐹𝐹
𝜕𝜕 �𝜇𝜇𝑒𝑒
𝜕𝜕𝑥𝑥

𝑗𝑗𝑖𝑖 = 𝑗𝑗𝐻𝐻+ = 𝐹𝐹𝐽𝐽𝑖𝑖 = −
𝜎𝜎𝑖𝑖
𝐹𝐹
𝜕𝜕 �𝜇𝜇𝑖𝑖
𝜕𝜕𝑥𝑥

𝜇𝜇 = 𝜇𝜇𝐻𝐻 = �𝜇𝜇𝑒𝑒 + �𝜇𝜇𝑖𝑖 Potential difference between electrode 1&2 𝑈𝑈 = ( �𝜇𝜇𝑒𝑒 𝑥𝑥 = 𝐿𝐿 − �𝜇𝜇𝑒𝑒 𝑥𝑥 = 0 )/𝐹𝐹

𝑗𝑗𝑒𝑒



Master equations: potentials, transport equations
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𝑗𝑗𝑒𝑒
(current density)

H+

e-

Electrode 1
Pt 

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

HxNdNiO3 (as an example)

What happens at steady state?

𝑈𝑈 = ( �𝜇𝜇𝑒𝑒 𝑥𝑥 = 𝐿𝐿 − �𝜇𝜇𝑒𝑒 𝑥𝑥 = 0 )/𝐹𝐹

𝑗𝑗𝑖𝑖 = −
𝜎𝜎𝑖𝑖
𝐹𝐹
𝜕𝜕 �𝜇𝜇𝑖𝑖
𝜕𝜕𝑥𝑥 = 0

𝜕𝜕 �𝜇𝜇𝑖𝑖
𝜕𝜕𝑥𝑥 = 0

𝑈𝑈 = (𝜇𝜇 𝑥𝑥 = 𝐿𝐿 − 𝜇𝜇 𝑥𝑥 = 0 )/𝐹𝐹 i.e., the measured voltage is 
Nernstian (stoichiometry polarization).

Both electrodes are ion-blocking

𝑗𝑗𝑒𝑒



Master equations: Fick’s second law
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𝑗𝑗𝑒𝑒
(current density)

Electrode 1
Pt 

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

𝑡𝑡

𝑡𝑡
𝑐𝑐 𝑥𝑥, 𝑡𝑡

𝑐𝑐0

Since charge neutral is met, then the process can be described as chemical diffusion 

𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑡𝑡 =  𝐷𝐷𝛿𝛿

𝜕𝜕2𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥2

Fick’s 2nd law:

chemical diffusivity

Boundary condition: �
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=0,𝐿𝐿

=
𝐹𝐹𝐹𝐹
𝜎𝜎𝑒𝑒

(
𝜕𝜕𝜇𝜇
𝜕𝜕𝑐𝑐)−1 =

𝐹𝐹𝐹𝐹
𝜎𝜎𝑒𝑒
𝑐𝑐0 
𝑅𝑅𝑅𝑅

Dilute limit
Small current

Both electrodes are ion-blocking

𝑗𝑗𝑒𝑒



Solution to the partial differential equation 
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𝑗𝑗𝑒𝑒
(current density)

Electrode 1
Pt 

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

𝑡𝑡

𝑡𝑡
𝑐𝑐 𝑥𝑥, 𝑡𝑡

𝑐𝑐0

Both electrodes are ion-blocking

𝑗𝑗𝑒𝑒

𝑐𝑐 𝑥𝑥, 𝑡𝑡 = 𝑐𝑐0 +
𝐹𝐹𝐹𝐹
𝜎𝜎𝑒𝑒
𝑐𝑐0 
𝑅𝑅𝑅𝑅 𝐿𝐿

𝑥𝑥
𝐿𝐿 −

1
2 + Φ

𝑥𝑥
𝐿𝐿 ,

𝑡𝑡
𝜏𝜏𝛿𝛿

Φ 𝜉𝜉, 𝑠𝑠 =
4
𝜋𝜋2

�
𝑚𝑚=0

∞
1

(2𝑚𝑚 + 1)2
exp[− 2𝑚𝑚 + 1 2𝑠𝑠] cos (2𝑚𝑚 + 1)𝜋𝜋𝜉𝜉

𝜏𝜏𝛿𝛿 =
1
𝜋𝜋2

𝐿𝐿2

𝐷𝐷𝛿𝛿

Solution to the PDE:

Yokota, J. Phys. Soc. Jpn., 1961



Solution to the partial differential equation 
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𝑗𝑗𝑒𝑒
(current density)

Electrode 1
Pt 

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

𝑡𝑡

𝑡𝑡
𝑐𝑐 𝑥𝑥, 𝑡𝑡

𝑐𝑐0

Both electrodes are ion-blocking

𝑗𝑗𝑒𝑒

The voltage measured between two electrodes:

Yokota, J. Phys. Soc. Jpn., 1961

𝑈𝑈 =
𝑅𝑅𝑅𝑅
𝐹𝐹 ln

𝑐𝑐 𝐿𝐿, 𝑡𝑡
𝑐𝑐 0, 𝑡𝑡 ≈

𝑅𝑅𝑅𝑅
𝐹𝐹
Δ𝑐𝑐
𝑐𝑐0

=
𝑅𝑅𝑅𝑅
𝐹𝐹
𝑐𝑐 𝐿𝐿, 𝑡𝑡 − 𝑐𝑐 0, 𝑡𝑡

𝑐𝑐0

𝑈𝑈(𝑡𝑡) =
𝑗𝑗𝐿𝐿
𝜎𝜎𝑒𝑒

(1 −
8
𝜋𝜋2 �

𝑚𝑚=0

∞
1

(2𝑚𝑚 + 1)2 exp[− 2𝑚𝑚 + 1 2 𝑡𝑡
𝜏𝜏𝛿𝛿

])

�𝑈𝑈(𝑡𝑡)
𝑡𝑡→∞

=
𝑗𝑗𝐿𝐿
𝜎𝜎𝑒𝑒

If we wait infinitely long time…
Ohm’s law (!)



Solution to the partial differential equation 
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𝑗𝑗𝑒𝑒
(current density)

Electrode 1
Pt 

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

𝑡𝑡

𝑡𝑡
𝑐𝑐 𝑥𝑥, 𝑡𝑡

𝑐𝑐0

Both electrodes are ion-blocking

𝑗𝑗𝑒𝑒

The voltage measured between two electrodes:

Yokota, J. Phys. Soc. Jpn., 1961

𝑈𝑈 =
𝑅𝑅𝑅𝑅
𝐹𝐹 ln

𝑐𝑐 𝐿𝐿, 𝑡𝑡
𝑐𝑐 0, 𝑡𝑡 ≈

𝑅𝑅𝑅𝑅
𝐹𝐹
Δ𝑐𝑐
𝑐𝑐0

=
𝑅𝑅𝑅𝑅
𝐹𝐹
𝑐𝑐 𝐿𝐿, 𝑡𝑡 − 𝑐𝑐 0, 𝑡𝑡

𝑐𝑐0

𝑈𝑈(𝑡𝑡) =
𝑗𝑗𝐿𝐿
𝜎𝜎𝑒𝑒

(1 −
8
𝜋𝜋2 �

𝑚𝑚=0

∞
1

(2𝑚𝑚 + 1)2 exp[− 2𝑚𝑚 + 1 2 𝑡𝑡
𝜏𝜏𝛿𝛿

])

𝑈𝑈(𝑡𝑡) =
𝑗𝑗𝐿𝐿
𝜎𝜎𝑒𝑒

[1 −
8
𝜋𝜋2 exp −

𝑡𝑡
𝜏𝜏𝛿𝛿

] (𝑡𝑡 ≫ 𝜏𝜏𝛿𝛿) ln 𝑈𝑈 𝑡𝑡 − 𝑈𝑈 ∞ ~ −
𝑡𝑡
𝜏𝜏𝛿𝛿



Potential measured across the sample as a function of 
time
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𝑈𝑈(𝑡𝑡) =
𝑗𝑗𝐿𝐿
𝜎𝜎𝑒𝑒

(1 −
8
𝜋𝜋2

�
𝑚𝑚=0

∞
1

(2𝑚𝑚 + 1)2
exp[− 2𝑚𝑚 + 1 2 𝑡𝑡

𝜏𝜏𝛿𝛿
])

𝑈𝑈(𝑡𝑡) =
𝑗𝑗𝐿𝐿
𝜎𝜎𝑒𝑒

[1 −
8
𝜋𝜋2

exp −
𝑡𝑡
𝜏𝜏𝛿𝛿

] (𝑡𝑡 ≫ 𝜏𝜏𝛿𝛿) ln 𝑈𝑈 𝑡𝑡 − 𝑈𝑈 ∞ ~ −
𝑡𝑡
𝜏𝜏𝛿𝛿

(𝑡𝑡 ≫ 𝜏𝜏𝛿𝛿)

Long-term Early-time

𝑈𝑈 𝑡𝑡 ~ ⁄𝑡𝑡 𝜏𝜏𝛿𝛿



Master equations: Fick’s second law
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𝑗𝑗𝑒𝑒
(current density)

Electrode 1
Pt 

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

𝑡𝑡

𝑡𝑡
𝑐𝑐 𝑥𝑥, 𝑡𝑡

𝑐𝑐0

Since charge neutral is met, then the process can be described as chemical diffusion 

𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑡𝑡 =  𝐷𝐷𝛿𝛿

𝜕𝜕2𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥2

Fick’s 2nd law:

chemical diffusivity

Steady state �
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑡𝑡 𝑡𝑡→∞

= 0 𝑐𝑐(𝑥𝑥,∞) must be linear

Assumption: 𝐷𝐷𝛿𝛿  is constant (which means small Δ𝜇𝜇)

Both electrodes are ion-blocking

𝑗𝑗𝑒𝑒



Mystery: steady-state diffusion and Fick’s law
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At steady state, we have:
𝜕𝜕𝐽𝐽
𝜕𝜕𝑥𝑥

= 0

Approach 1:

𝐽𝐽 = −
𝜎𝜎

𝑧𝑧2𝐹𝐹2
𝜕𝜕𝜇𝜇
𝜕𝜕𝑥𝑥

𝜇𝜇 should be linear 

If we assume dilute limit
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

=
𝜕𝜕 ln 𝑐𝑐
𝜕𝜕𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑐𝑐(𝑥𝑥, 𝑡𝑡 = ∞)
ln 𝑐𝑐

𝑥𝑥
0 𝐿𝐿

Approach 2:

At steady state, we have:
𝜕𝜕𝑐𝑐
𝜕𝜕𝑡𝑡

=  𝐷𝐷𝛿𝛿
𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2 = 0

𝜕𝜕2𝑐𝑐
𝜕𝜕𝑥𝑥2

= 0 𝑐𝑐 should be linear 

𝑐𝑐(𝑥𝑥, 𝑡𝑡 = ∞)

𝑥𝑥
0 𝐿𝐿

Which approach is correct?



Mystery: steady-state diffusion and Fick’s law
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𝑐𝑐(𝑥𝑥, 𝑡𝑡 = ∞)
ln 𝑐𝑐

𝑥𝑥
0 𝐿𝐿

𝑐𝑐(𝑥𝑥, 𝑡𝑡 = ∞)

𝑥𝑥
0 𝐿𝐿

𝐽𝐽 = −
𝜎𝜎

𝑧𝑧2𝐹𝐹2
𝜕𝜕𝜇𝜇
𝜕𝜕𝑥𝑥

= −𝐷𝐷
𝑐𝑐
𝑅𝑅𝑅𝑅

𝜕𝜕𝜇𝜇
𝜕𝜕𝜕𝜕

 In principle, 𝐷𝐷 should be a function of chemical potential (or 
concentration), i.e., 𝐷𝐷(𝜇𝜇) or 𝐷𝐷(𝑐𝑐)

 In both approaches, we have assumed a constant diffusivity 𝐷𝐷, 
which means small variation in driving forces;

 In reality, 𝐷𝐷 is probably more strongly affected by a varying in 𝜇𝜇
(ln 𝑐𝑐) rather than 𝑐𝑐.

Small flux: Δ𝜇𝜇 = 𝑅𝑅𝑅𝑅 ln(
𝑐𝑐0 ± Δ𝑐𝑐
𝑐𝑐0 

) ≈ 𝑅𝑅𝑅𝑅
Δ𝑐𝑐
𝑐𝑐0

Δ𝑐𝑐 ≪ 𝑐𝑐0

𝑐𝑐0
Δ𝑐𝑐

“first-order approximation”



Asymmetric blocking electrodes
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𝑗𝑗𝑖𝑖

H+
e-

Electrode 1
Nafion 
ion-blocking Electrode 2

Pt
eon-blocking

𝑥𝑥
0 𝐿𝐿

U

𝑗𝑗𝑒𝑒

reversible counter 
electrode

𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑡𝑡 =  𝐷𝐷𝛿𝛿

𝜕𝜕2𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥2

Fick’s 2nd law:

chemical diffusivity

Boundary conditions: �
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=0

= −
𝑡𝑡𝑒𝑒𝑗𝑗
𝐹𝐹𝐷𝐷𝛿𝛿

(𝑧𝑧 = 1)

�
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=𝐿𝐿

=
𝑡𝑡𝑖𝑖𝑗𝑗
𝐹𝐹𝐷𝐷𝛿𝛿

𝑡𝑡𝑒𝑒,𝑖𝑖 =
𝜎𝜎𝑒𝑒,𝑖𝑖 

𝜎𝜎𝑒𝑒 + 𝜎𝜎𝑖𝑖 

Preis and Sitte, J. Chem. Soc., Faraday Trans., 1996



Asymmetric blocking electrodes: the effect of 
transference number

17Usiskin and Maier, PCCP, 2018

Boundary conditions: �
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=0

= −
(1 − 𝑡𝑡𝑖𝑖𝑖𝑖𝑖𝑖)𝑗𝑗
𝑧𝑧𝑧𝑧𝐷𝐷𝛿𝛿

�
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=𝐿𝐿

=
𝑡𝑡𝑖𝑖𝑖𝑖𝑖𝑖𝑗𝑗
𝑧𝑧𝑧𝑧𝐷𝐷𝛿𝛿



Reversible electrode: Hebb-Wagner measurement
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𝑗𝑗𝑖𝑖,𝑒𝑒

H+

e-

Electrode 1
reversible

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

𝑗𝑗𝑒𝑒

Fick’s 2nd law:

chemical diffusivity

Boundary conditions: �𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝑥𝑥=0

= 𝑐𝑐0 (Why?)

�
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=𝐿𝐿

=
𝐹𝐹𝐹𝐹
𝜎𝜎𝑒𝑒
𝑐𝑐0 
𝑅𝑅𝑅𝑅

𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑡𝑡 =  𝐷𝐷𝛿𝛿

𝜕𝜕2𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥2
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𝑗𝑗𝑖𝑖,𝑒𝑒

O2-

e-

Electrode 1
porous Pt
reversible

Electrode 2
Pt (dense)

𝑥𝑥
0 𝐿𝐿

U

𝑗𝑗𝑒𝑒

Boundary conditions: �𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝑥𝑥=0

= 𝑐𝑐0

�
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=𝐿𝐿

=
𝐹𝐹𝐹𝐹
𝜎𝜎𝑒𝑒
𝑐𝑐0 
𝑅𝑅𝑅𝑅

𝜇𝜇𝑂𝑂2(𝑝𝑝𝑂𝑂2)

at 𝜇𝜇𝑂𝑂2(𝑥𝑥 = 0)

(La,Sr)FeO3-δ

Reversible means the chemical potential must 
be equal at 𝑥𝑥 = 0
(similar to the use of a reference electrode)



Reversible electrode: Hebb-Wagner measurement

20

𝑗𝑗𝑖𝑖,𝑒𝑒

Electrode 1
reversible

Electrode 2
Pt

𝑥𝑥
0 𝐿𝐿

U

𝑗𝑗𝑒𝑒

𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑡𝑡 =  𝐷𝐷𝛿𝛿

𝜕𝜕2𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥2

Fick’s 2nd law:

chemical diffusivity

Boundary conditions: �𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝑥𝑥=0

= 𝑐𝑐0

�
𝜕𝜕𝑐𝑐(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝑥𝑥 𝑥𝑥=𝐿𝐿

=
𝐹𝐹𝐹𝐹
𝜎𝜎𝑒𝑒
𝑐𝑐0 
𝑅𝑅𝑅𝑅

(Why?)

Notice that the concentration profile is the right half of the case 
with two blocking electrodes.
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O2-

e-

Electrode 1
porous Pt
reversible

Electrode 2
Pt (dense)

𝑥𝑥
0 𝐿𝐿

U

𝜇𝜇𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟

YSZ

-

lo
g 

[d
ef

ec
t]

log pO2

2 V𝑂𝑂�� = 𝑌𝑌𝑍𝑍𝑍𝑍′

𝑒𝑒′

ℎ�

1

1

-1/4

𝜇𝜇𝑂𝑂2

If we define 𝑈𝑈 =  Δ �𝜇𝜇𝑒𝑒−/𝐹𝐹

In this experiment, we control applied 𝑈𝑈, then measure current response 𝑗𝑗𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑗𝑗𝑒𝑒 + 𝑗𝑗ℎ

𝜎𝜎𝑒𝑒 =  𝜎𝜎𝑒𝑒
𝑟𝑟𝑟𝑟𝑟𝑟(

𝑝𝑝𝑂𝑂2
𝑝𝑝𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟)−1/4= 𝜎𝜎𝑒𝑒

𝑟𝑟𝑟𝑟𝑟𝑟exp(
𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅) 𝜎𝜎ℎ =  𝜎𝜎ℎ

𝑟𝑟𝑟𝑟𝑟𝑟(
𝑝𝑝𝑂𝑂2
𝑝𝑝𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟)1/4= 𝜎𝜎ℎ

𝑟𝑟𝑟𝑟𝑟𝑟exp(−
𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅)

𝑈𝑈 =  Δ �𝜇𝜇𝑒𝑒−/𝐹𝐹 = − ⁄1 4 (𝜇𝜇𝑂𝑂2 − 𝜇𝜇𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟)/𝐹𝐹2Δ �𝜇𝜇𝑂𝑂2− − 4Δ �𝜇𝜇𝑒𝑒− = Δ𝜇𝜇𝑂𝑂2 = 𝜇𝜇𝑂𝑂2 − 𝜇𝜇𝑂𝑂2

𝑟𝑟𝑟𝑟𝑟𝑟

Δ �𝜇𝜇𝑂𝑂2− = 0
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O2-

e-

Electrode 1
porous Pt
reversible

Electrode 2
Pt (dense)

𝑥𝑥
0 𝐿𝐿

U

𝜇𝜇𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟

YSZ

-

lo
g 

[d
ef

ec
t]

log pO2

2 V𝑂𝑂�� = 𝑌𝑌𝑍𝑍𝑍𝑍′

𝑒𝑒′

ℎ�

1

1

-1/4

𝜇𝜇𝑂𝑂2

𝜎𝜎𝑒𝑒 =  𝜎𝜎𝑒𝑒
𝑟𝑟𝑟𝑟𝑟𝑟(

𝑝𝑝𝑂𝑂2
𝑝𝑝𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟)−1/4= 𝜎𝜎𝑒𝑒

𝑟𝑟𝑟𝑟𝑟𝑟exp(
𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅) 𝜎𝜎ℎ =  𝜎𝜎ℎ

𝑟𝑟𝑟𝑟𝑟𝑟(
𝑝𝑝𝑂𝑂2
𝑝𝑝𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟)1/4= 𝜎𝜎ℎ

𝑟𝑟𝑟𝑟𝑟𝑟exp(−
𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅)

1/4

𝑗𝑗𝑒𝑒 =
1
𝐿𝐿�𝜇𝜇𝑂𝑂2

𝑟𝑟𝑟𝑟𝑟𝑟

𝜇𝜇𝑂𝑂2(𝐿𝐿)
−
𝜎𝜎𝑒𝑒(𝑥𝑥)
4𝐹𝐹  𝑑𝑑𝜇𝜇𝑂𝑂2 =

1
𝐿𝐿�𝜇𝜇𝑂𝑂2

𝑟𝑟𝑟𝑟𝑟𝑟

𝜇𝜇𝑂𝑂2(𝐿𝐿)
−

1
4𝐹𝐹 𝜎𝜎𝑒𝑒

𝑟𝑟𝑟𝑟𝑟𝑟exp(−
𝜇𝜇𝑂𝑂2(𝑥𝑥) − 𝜇𝜇𝑂𝑂2

𝑟𝑟𝑟𝑟𝑟𝑟

4𝑅𝑅𝑅𝑅 )𝑑𝑑𝜇𝜇𝑂𝑂2

 =
𝑅𝑅𝑅𝑅
𝐹𝐹𝐹𝐹

(𝜎𝜎𝑒𝑒
𝑟𝑟𝑟𝑟𝑟𝑟 exp

𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅

− 1
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O2-

e-

Electrode 1
porous Pt
reversible

Electrode 2
Pt (dense)

𝑥𝑥
0 𝐿𝐿

U

𝜇𝜇𝑂𝑂2
𝑟𝑟𝑟𝑟𝑟𝑟

YSZ

-

lo
g 

[d
ef

ec
t]

log pO2

2 V𝑂𝑂�� = 𝑌𝑌𝑍𝑍𝑍𝑍′

𝑒𝑒′

ℎ�

1

1

-1/4

𝜇𝜇𝑂𝑂2

1/4

Hebb-Wagner relation:

𝑗𝑗𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑗𝑗𝑒𝑒 + 𝑗𝑗ℎ =
𝑅𝑅𝑅𝑅
𝐹𝐹𝐹𝐹 (𝜎𝜎𝑒𝑒

𝑟𝑟𝑟𝑟𝑟𝑟 exp
𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅 − 1 + 𝜎𝜎ℎ

𝑟𝑟𝑟𝑟𝑟𝑟 1 − exp −
𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅 )
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lo
g 

[d
ef

ec
t]

log pO2

2 V𝑂𝑂�� = 𝑌𝑌𝑍𝑍𝑍𝑍′

𝑒𝑒′

ℎ�

1

1

-1/4

𝜇𝜇𝑂𝑂2

Hebb-Wagner relation:

𝑗𝑗𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑗𝑗𝑒𝑒 + 𝑗𝑗ℎ =
𝑅𝑅𝑅𝑅
𝐹𝐹𝐹𝐹

(𝜎𝜎𝑒𝑒
𝑟𝑟𝑟𝑟𝑟𝑟 exp

𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅

− 1 + 𝜎𝜎ℎ
𝑟𝑟𝑟𝑟𝑟𝑟 1 − exp −

𝐹𝐹𝐹𝐹
𝑅𝑅𝑅𝑅

)

For YSZ: (Remember, a large 𝑈𝑈 means reducing potential)

Small 𝑈𝑈 linearized behavior 𝑗𝑗𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑗𝑗𝑒𝑒 + 𝑗𝑗ℎ =
𝑈𝑈
𝐿𝐿 (𝜎𝜎𝑒𝑒

𝑟𝑟𝑟𝑟𝑟𝑟 + 𝜎𝜎ℎ
𝑟𝑟𝑟𝑟𝑟𝑟)

𝑗𝑗𝑒𝑒𝑒𝑒𝑒𝑒

𝑈𝑈0

linearized

1/4

𝜎𝜎𝑒𝑒 dominate

transition region
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Goal of this lecture: you should be able to answer the questions above by the end of this lecture : )

Type of electrodes and Stoichiometry polarization:
 What are the different types of electrodes used for measuring conductivity?

 How to understand the stoichiometry polarization with ion-blocking electrodes?

Electron-blocking electrodes and the Hebb-Wagner method:
 How to understand the intercalation process of ions & electrons?

 What is the Hebb-Wagner method for measuring conductivity?
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